Abstract: An average instantaneous cross-correlation function is introduced to quantify the interaction of the financial market of a specific time. Based on the daily data of the American and Chinese stock markets, memory effect of the average instantaneous crosscorrelations is investigated over different price return time intervals. Long-range timecorrelations are revealed, and are found to persist up to a month-order magnitude of the price return time interval. Multifractal nature is investigated by a multifractal detrended fluctuation analysis.
Introduction
In recent years, dynamics of financial markets has drawn much attention of physicists [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Financial market is a complex system with many interacting components. From the view of many-body systems, interactions among components may lead the system to collective behavior, and therefore result in the so-called dynamic scaling behavior. Based on large amounts of historical data, some stylized facts have been revealed in the past years, such as the 'fat tail' distribution of the price return, and the long-range time-correlation of the magnitude of returns [1, [10] [11] [12] .
Different models and theoretical approaches have been developed to describe financial markets [4, 11, 12, [20] [21] [22] [23] [24] .
The cross-correlation function is an important indicator to quantify the interaction between stocks, and therefore has attracted much attention of physicists in recent years. Random and nonrandom properties of the cross-correlation and the relevant economic sectors are revealed [5, 17, [25] [26] [27] [28] [29] [30] [31] [32] [33] . Correlation-based hierarchical or network structures are studied with the graph or complexity theory [34] [35] [36] [37] [38] [39] [40] . The so-called pull effect is found with a time-dependent cross-correlation function [41] . These lines of work are mainly based on a static definition of the crosscorrelation function. The equal-time or the time-dependent cross-correlation is usually defined as C ij = < r i (t ′ )r j (t ′ ) > or C ij = < r i (t ′ )r j (t ′ + τ ) >, with r i (t ′ ) = lny i (t ′ + ∆t ′ ) − lny i (t ′ ) being the return of stock i ′ s price y i over a time interval ∆t ′ , τ being the time lag, and < ... > taking time average over t ′ . The static crosscorrelation function can not reveal the dynamic behavior of the cross-correlations between stocks. More recently, a Detrended Cross-Correlation Analysis(DCCA) is proposed to investigate the memory effect of the cross-correlations between two time series [42] [43] [44] [45] . Long-range time-correlation of the cross-correlations is characterized by a power-law scaling of the DCCA function. The DCCA method concentrates on dynamics of two series' cross-correlations.
In this paper, we introduce an Instantaneous Cross-correlation(IC) and an Average Cross-correlation(AIC) function by considering the cross-correlations of a single time step. The IC and AIC function describes the current interaction between stocks with local information. Our purpose is to investigate the dynamics of the IC and AIC series, based on the daily data of the American and Chinese stock markets. More importantly, we examine the memory effect of the AIC over different price return time intervals. The multifractal nature of the AIC is also revealed.
The organization of this paper is as follows. In the next section, the datasets and the definition of the IC and AIC functions are presented. In Sec. 3, we investigate the memory effect of the IC and AIC for a shorter price return time interval. In Sec. 4, the memory effect of the AIC is detected over different scales of price return time intervals. In section 5, we examine the multifractal nature of the AIC. Finally, Sec. 6 contains the conclusion.
datasets and instantaneous cross-correlations
To obtain a comprehensive study, we analyze two different databases, the New York Stock Exchange (NYSE) and the Chinese Stock Market(CSM). The two markets cover the mature and the emerging markets. The NYSE is one of the oldest stock exchanges, whereas the CMS is a newly set up market in 1990. We investigate the daily data of 249 individual stocks, with 2900 data points from the year 1997 to 2008 for the NYSE, and the daily data of 259 individual stocks, with 2633 data points from the year 1997 to 2007 for the CSM. To compare different stocks, we define the normalized the price return as
where r i (t ′ ) is the price return of stock i at time t ′ , and ∆t ′ is the price return time interval. The σ i = < r 2 i > − < r i > 2 is the standard deviation of r i , and < . . . > takes time average over t ′ . In order to quantify the current cross-correlation between stocks, we introduce an IC function between two stocks by
The IC function indicates the instantaneous cross-correlation between two individual stocks. However, it does not depict the average interaction of the financial market. Therefore, we define an AIC function as
where N is the number of stocks. The AIC function indicates the average instantaneous cross-correlation of a number of stocks with the stock size to be N. As the stock number N is large enough, the AIC function can be then considered as an indicator to quantify the average interaction of the financial market at a specific time step. For N = 2, the AIC function reduces to the IC function.
Memory effect of IC and AIC for a shorter ∆t

′
It is important to measure the memory effect of the time series during the dynamic evolution. We investigate the memory effect of the IC and AIC by computing the time-correlations. The autocorrelation function is widely adopted to measure the time-correlation. However, it shows large fluctuations for nonstationary time series. Therefore, we apply the DFA method [46, 47] .
Considering a fluctuating dynamic series A(t ′ ), one can construct
Dividing the total time interval into windows N t with a size of t, and linearly fit B(t ′ ) to a linear function B t (t ′ ) in each window. The DFA function of the k th window box is then defined as:
The overall detrended fluctuation is estimated as
In general, F 2 (t) will increase with the window size t and obey a power-law behavior
is temporally anti-correlated; H = 0.5 corresponds to the Gaussian white noise, while H = 1.0 indicates the 1/f noise. If H is bigger than 1.0, the time series is considered to be unstable.
The DFA functions of the IC and the AIC are computed with the price return time interval ∆t ′ = 1 day. To illustrate the results, we take 6 ICs and AICs as examples, with the stocks randomly chosen from the NYSE and the CSM, respectively. As shown in Fig. 1(a) , the DFA exponents of the ICs are estimated to be from 0.46 to 0.65 for the NYSE. The exponent 0.46 is close to the Gaussian behavior, while 0.65 is the long-range correlation. Similarly, as shown in Fig. 1(c) for the ICs of the CSM, the DFA exponents range from 0.53 to 0.67, also corresponding to the Gaussian behavior and the long-range correlation, respectively. It suggests that the long-range time-correlation does not hold for all ICs. However, when we compute the DFA of the AIC, robust long-range time-correlations are observed for both the NYSE and the CSM. As shown in Fig. 1(b) and (d), the DFA functions of 6 AICs are shown as examples with N = 50. The DFA exponents are estimated to be around 0.73 for the NYSE, and 0.67 for the CSM, both in the long-range time-correlation range (0.5, 1.0). The DFA exponents of the AIC take the similar value for a larger stock number N from our databases. It implies that, for both the NYSE and the CSM, even though the absence of the long-range time-correlation of the instantaneous cross-correlation between two individual stocks, the average instantaneous cross-correlation of a number of stocks is long-range correlated, i.e., the average interaction of the financial market shows long-term memory. The result is reasonable. For example, it is possible for two correlated companies to break up their relationship during the time evolution for some reason. With the end of the correlation, the memory of the cross-correlation then also ends up. However, the fluctuation from the endogenous events would not influence the average interaction of the whole market, i.e., as a collective, the cross-correlation of the financial market is always characterized by a long-range memory.
Memory effect of AIC for different ∆t
′
Scalings observed in the financial market has been found to always evolve with the different value of the price return intervals. For example, the 'fat tail' of the probability density function of the price returns can not be found for a big return time interval [10] . To further understand the memory effect of the cross-correlations, we then investigate the DFA functions of the AIC with different price return time interval ∆t ′ . The return time interval ∆t ′ covers three magnitude orders, the day, the week and the month time scales.
The AIC is computed with N = 249 for the NYSE, and N = 259 for the CSM. In Fig. 2(a) , the DFA function of the AIC is shown for the NYSE, with ∆t ′ = 1, 5, 10, 22, and 44 days, approximate to a working day, a week, half a month, a month, and two months. For ∆t ′ = 1 day, clean power-law behavior is observed, with the exponent estimated to be 0.74, consistent with the exponents obtained in Fig. 1 . For the return time interval ∆t ′ bigger than 1 day, two-stage power-law scalings are observed, with a crossover in between. Such a two-stage behavior has been widely found in the DFA function of the financial series, such as the volatilities, intertrade durations, etc [48] [49] [50] . The crossover time is about t c ∼ 35 days. For the smaller window size, the DFA exponents take the value around 1.0 for ∆t ′ = 5, and bigger than the 1.0 for ∆t ′ = 10, 22 days, which correspond to the 1/f noise and unstable time series, respectively. Due to the narrow range of the smaller window size, we care more about the DFA exponents of the larger window size. For the larger window size from t = 35 to 100 days, the exponents are measured to be 0.65, 0.72, 0.86 for ∆t ′ = 5, 10 and 22 days, with all the exponent value ranged in the long-range time-correlation. The estimated exponents also remain unchanged for a relatively larger window size than 100 days. However, due to the finite size of the time series, it will show large fluctuation for a large window size. For ∆t ′ = 44 days, both the smaller and the larger window size do not show long-range timecorrelations. Therefore, the long-range time-correlation of the AIC persists up to a working month magnitude of the price return time interval for the NYSE for the large window size. Similar behavior is also observed for the CSM. For ∆t ′ = 1 day, clean power-law behavior is observed, with the exponent estimated to be 0.68, around 0.67 found in Fig. 1 
where q can take any real number except q = 0. For q = 0, we have
The MF-DFA function F q (t) scales with the window size t:
where h(q) is the MF-DFA exponent, with q = 2 recovering the DFA exponent. Due to the finite size of the time series, the F q (t) shows large fluctuations for the large values of |q|. Here we take q ∈ [−2, 4], and ∆t ′ = 1 day as examples to show the multifractal properties. The F q (t) of the AIC is shown for the NYSE and CSM in Fig. 3 . Clean power law scalings are observed for q = −2, 0, 2 and 4, with the exponents estimated to be 1.13, 0.95, 0.68, 0.52 for the NYSE, and 0.89, 0.84, 0.74,0.57 for the CSM. The dependence of the F q (t) on q suggests that the AIC shows a multifractal characteristic. The MF-DFA exponent h(q) versus different q is shown in Fig. 4(a) and (d) , respectively for the NYSE and the CSM.
The scaling exponent function τ (q) based on partition function is widely adopted to reveal the multifractality,
where D f is the fractal dimension, with D f = 1 in our case. As shown in Fig. 4(b) and (e), the τ (q) of the NYSE and the CSM presents a strong nonlinearity, which is consistent with multifractal characteristic. By the Legendre transformation, the local singularity exponent α and its spectrum f (α) can be calculated as [54] ,
The difference between the maximum and the minimum of the local singularity exponent ∆α α max − α min is widely used to quantify the width of the extracted multifractal spectrum. The larger the ∆α, the stronger the multifractality. Fig. 4(c) and Fig. 4(f) illustrate the multifractal singularity spectra f (α), with the width of the extracted multifractal spectrum ∆α measured to be 0.64 and 0.93 respectively for the NYSE and the CSM. It indicates the CSM shows stronger multifractality than the NYSE.
Conclusion
We have investigated the memory effect of the instantaneous cross-correlations and the average instantaneous cross-correlations based on the daily data of the NYSE and the CSM. It is interesting to find that, in spite of the absence of the longrange time-correlation of the instantaneous cross-correlations between two individual stocks, the average instantaneous cross-correlation of a set of stocks is longrange correlated for the price return time interval ∆t ′ = 1 day. The long-range time-correlation persists up to a month price return time interval for the NYSE, and half a month time interval for the CSM for the large time window.
Multifractal nature is revealed for the average instantaneous cross-correlations by the MF-DFA. By examining the MF-DFA function F q (t), the scaling exponent function τ (q), and the extracted multifractal spectrum f (α), multifractal features are revealed for both the NYSE and the CSM. 
